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Abstract. The paper describes the development, research, and numeri-
cal implementation of interrelated mathematical models of hydrophysics
and biological kinetics. These models were implemented on a supercom-
puter as a system for monitoring and controlling the quality of shallow
waters and predicting processes of dispersion of contaminants in bound-
ary layers of the atmosphere and water bodies. The program complex
can be used as an efficient tool for monitoring the ecological situation
in water bodies subjected to increasing anthropogenic pressure, climatic
and industrial challenges, and emergency situations of anthropogenic or
natural character. The software complex (the monitoring and control
systems) comprises discrete analogs of models of water ecology based on
high-order accuracy schemes. We apply the modified alternating trian-
gular method to the solution of grid equations used for discretization
of model problems in aquatic ecology. This method has the best con-
vergence rate under the condition of asymptotic stability of difference
schemes for parabolic equations with efficiency improved on the basis of
updated spectral estimates. The design of effective parallel algorithms
for the numerical implementation of problems of hydrophysics and bio-
logical kinetics offers an opportunity to consider processes of sediment
dispersion in “air–water” systems in real and accelerated time.
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1 Introduction

Most pollutants emitted by industrial and transportation sources concentrate
in the boundary layer of the atmosphere, are deposited on the water surface or
fall onto it with precipitations. It is known that, far from river flows, more than
60% of nutrients involved in the production and destruction processes of phyto-
plankton get into the water from the air (see Fig. 1). It has become imperative
to develop mathematical models able to predict changes in the environmental
situation in shallow waters and coastal areas, namely the dispersion of pollu-
tants occurring in the boundary atmosphere, the transport of pollutants and
sediments, the formation of organic deposits, and others. These models must be
implemented on high-performance computer systems so as to provide a forecast
basis for sustainable development of aquatic ecosystems.

According to the Guidance Document GD.52.24.309-2016 [1], a system of
stations (observation points) must be developed for collecting systematic and
effective information on the ecological state of surface water bodies. The loca-
tion of permanent stations involved in measurements of the concentration of
pollutants in the Azov–Black Sea Basin are shown in Fig. 2, as per data of the
Crimean Directorate on Hydrometeorology and Environmental Monitoring.

Fig. 1. Pollutant emissions Fig. 2. Permanent stations

On the basis of data obtained during research expeditions (see Fig. 3) and
data provided by the Unified State System of Information on the Situation in the
World Ocean (ESIMO), we carried out a complex geoinformational analysis of
spatial-temporal processes and phenomena. This analysis enabled us to develop
models of hydrobiological processes taking place in the Sea of Azov [2].

2 Problem Statement

The spatially heterogeneous mathematical model that describes the dispersion
of pollutants has the form
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Fig. 3. Research expeditions

where Si is the concentration of the i-th impurity, i = 1, 19; wgi is the rate
of gravitational sedimentation of the i-th component in suspended state; ψi

is either a chemical-biological source (runoff) or a summand describing aggre-
gation (clumping-declumping) if the corresponding component is a suspension.
The correspondence between the numbers i = 1, 19 and the components is as fol-
lows: 1—hydrogen sulfide (H2S), 2—elemental sulfur (S), 3—sulfates (SO4), 4—
thiosulfates (and sulfites), 5—total organic nitrogen (N), 6—ammonium (NH4)
(ammonium nitrogen), 7—nitrites (NO2), 8—nitrates (NO3), 9—phytoplankton,
10—zooplankton, 11—dissolved manganese (DOMn), 12—suspended manganese
(POMn), 13—dissolved oxygen (O2), 14—silicates (metasilicate (SiO3), orthosil-
icate (SiO4)), 15—phosphates (PO4), 16—silicic acid (metasilicon (H2SiO3),
orthosilicon (H2SiO3)), 17—iron (Fe2+), 18—aluminum (Al), 19—molybdenum
(Mo); U = (u, v, w) are the velocity vector components of water flow movement;
μi, νi are the diffusion coefficients in the horizontal and vertical directions of i-th
substance.

The model takes into account the following factors: movement of water flows;
microturbulent diffusion; interaction and gravitational sedimentation of pollu-
tants and plankton; biogenic, temperature, and oxygen regimes; and salinity.

The computational domain Ḡ (the Sea of Azov) is a closed area limited by the
undisturbed water surface Σ0, the bottom ΣH = ΣH(x, y), and the cylindrical
surface σ for 0 < t ≤ T ; moreover, Σ = Σ0 ∪ ΣH ∪ σ is the sectionally smooth
boundary of the G domain.

System (1) is considered under the following boundary conditions:

Si = 0 on σ if Un < 0,

∂Si

∂n
= 0 on σ if Un ≥ 0,

∂Si

∂z
= ϕ(Si) on Σ0,

∂Si

∂z
= −εiSi on ΣH , (2)
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where εi is the absorption coefficient of the i-th component by the bottom mate-
rial, and ϕ is a given function.

The initial conditions for system (1) are the following:

Si|t=0 = Si0(x, y, z), i = 1, 19. (3)

As input data for Model (1)–(3), we employed the results of calculations
based on the motion model of a multicomponent air environment [3], as well as
a hydrodynamic model of the Sea of Azov [4–6] that takes into account various
factors, such as the influence of the wind, river flows (Don, Kuban, Mius, and
about forty small watercourses), water exchange with other water bodies, the
bottom relief, the complex coastline, the friction with the bottom, temperature,
salinity, evaporation and precipitation, and the Coriolis force.

Observation models were added for the description of chemical-biological
sources [7–9]. In this research, we considered various functional dependencies
introduced in the observation models to account for the effects of salinity (C),
temperature (T ), and illumination (I) on the plankton productivity function (α)
in the water. The functional dependencies of the observation models are shown
in Fig. 4.

Fig. 4. Functional dependencies of observation models

In Fig. 4:

(a) α(T ) = α0 exp [−{(T − ToptσT )}2 − μ1T + μ2], parameter values: Topt =
25, σT = 12, α0 = 0.12, α1 = 0.06, α2 = 0.43;
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(b) α(C) = α0 exp[−{(C−Copt)/σC}2−α1C+α2], parameter values: Copt = 12,
σC = 10, α0 = 0.001, α1 = 0.1, α2 = 0.01;

(c) α(I, T, C) = α0 exp (aT )(I/Iopt)η0 exp [−{(C − Copt)/σC}2 − η1C + η2],
parameter values: Copt = 12, α0 = 0.8, a = 0.063, I = Iopt = 86, σC = 15,
η0 = 0.001; η1 = 0.1, η2 = 0.1;

(d) parameter values: the same as in (c), but I = 10, Iopt = 86.

3 Numerical Realization of the Problem of Transport
of Pollutants

Each equation of System (1)–(3) can be expressed as a diffusion-convection-
reaction equation in the two-dimensional case,

c′
t + uc′

x + vc′
y = (μc′

x)′
x + (μc′

y)
′
y

+ f, (4)

with boundary conditions

c′
n(x, y, t) = αnc + βn, (5)

where u, v are the water velocity components; μ is the turbulent exchange coef-
ficient; f is a function that describes the intensity and distribution of sources;
and αn, βn are given coefficients.

3.1 Discretization of the Model

A uniform grid was defined for the numerical implementation of the discrete
mathematical model [10–12]:

ωh = {tn = nτ, xi = ihx, yj = jhy; n = 0, Nt, i = 0, Nx, j = 0, Ny,

Ntτ = T, Nxhx = lx, Nyhy = ly}, (6)

where τ is the time step; hx, hy are the spatial steps; Nt is the upper time bound;
Nx, Ny are the spatial bounds; and lx, ly are the maximum dimensions of the
computational domain.

In the case of partially filled cells, the discrete analogs of the convective,
uc′

x, and the diffusive, (μc′
x)′

x, operators of the second order of accuracy can be
written as

(q0)i,juc′
x � (q1)i,jui+1/2,j

ci+1,j − ci,j
2hx

+ (q2)i,jui−1/2,j

cij − ci−1,j

2hx
, (7)

(q0)i,j(μcx) � (q1)i,jμi+1/2,j
ci+1,j − ci,j

h2
x

− (q2)i,jμi−1/2,j
ci,j − ci−1,j

h2
x

− |(q1)i,j − (q2)i,jμi,j |αxci,j + βx

hx
, (8)

where ql, l ∈ {0, 1, 2} are coefficients that describe the “fullness” of control
domains.
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3.2 Method of Solution of the Grid Equations

Let us write the discrete analog of Model (1)–(3) in operator form [13,14]:

Ax = f, (9)

where A is a non-degenerate operator defined in a real Hilbert space. We con-
sidered the implicit two-layer iterative scheme

B
yk+1 − yk

τk
+ Aym = f, k = 0, 1, . . . , (10)

with a random initial approximation y0 ∈ H and B a non-degenerate operator.
Any two-layer iterative method based on (10) is characterized by the operators
A and B and the energy space HD. Note that the convergence of this method
has been proved and the iterative parameters were given. The main problem
in the theory of iterative methods is the selection of the optimal parameter τk
[15]. The formula for the iterative parameter τk+1 of the method of minimum
corrections (MMC) has the form

τk+1 = (Aωk, rk)/(Aωk, Aωk), k = 0, 1, . . . ; rk = Ayk − f ; ωk = B−1rk, (11)

where rk is the residual vector and ωk is the correction vector [16].

4 Parallel Implementation

We describe below parallel algorithms with various types of domain decomposi-
tion for solving Problem (1)–(3).

Algorithm 1. Each processor is assigned a computational domain after the initial
computational domain is partitioned in two coordinate directions (see Fig. 5).
Adjacent domains overlap over two layers of nodes in the direction perpendicular
to the plane of the partition [17].

The residual vector and its uniform norm are calculated after each processor
receives information for its own part of the domain [18]. Then, each processor
determines the maximum module element in the residual vector and sends its
value to all remaining calculators. Now, to calculate the uniform norm of the
residual vector, it is enough to obtain the maximum element on each processor
[19]. The parallel algorithm for calculating the correction vector has the form

(D + ωmR1)D−1(D + ωmR2)wm = rm, (12)

where R1 is a lower-triangular matrix and R2 is an upper-triangular matrix. For
calculating the correction vector, we have to solve the following two equations:

(D + ωmR1)ym = rm, (D + ωmR2)wm = Dym. (13)

Initially, the vector ym is calculated and the computations start in the lower
left corner. Then, the correction vector wm is calculated starting in the upper
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right corner. The transference of elements after calculation of two layers by the
first processor is shown in Fig. 6. Only the first processor does not require addi-
tional information and can independently work with its part of the domain. Other
processors wait for the results from the previous processor, while it transfers the
calculated values of the grid functions at grid nodes located in the preceding
positions of this line. The process continues until all layers are calculated.

Fig. 5. Domain decomposition Fig. 6. Scheme of calculation of the
vector ym

Let us make a theoretical estimation of the time required by the modified
alternating triangular method in the case of a system of linear algebraic equa-
tions with a seven-diagonal matrix by decomposition in two spatial directions
on a cluster of distributed computations. The whole computational domain is
distributed among processors (p is the total number of processors, p = nx · ny,
nx ≥ ny), i.e. each processor is assigned a domain of size N/p, N = NxNyNz,
where Nx, Ny, and Nz are the numbers of nodes in the respective spatial direc-
tions; t0 is the time required for the execution of one arithmetic operation; tx
is the latency; tp is the time for transferring floating point numbers. Thus, we
obtain the following theoretical estimates for the acceleration S(1) and the effi-
ciency E(1) of parallel Algorithm 1:

St
(1) =

p

1 +
(√

p − 1
) (

36
50Nz

+ 4p
50t0

(
tp

(
1
Nx

+ 1
Ny

)
+ tx

√
p

NxNy

)) , Et
(1) =

St
(1)

p
.

Algorithm 2. The k-means method is used for the geometric partition of the
computational domain for uniform loading of MCS calculators (processors) (see
Fig. 7). This method is based on the minimization of the functional Q = Q(3)

of the total variance of the element scatter (nodes of the computational grid)
relative to the gravity center of subdomains,

Q(3) =
∑
i

1
|Xi|

∑
x∈Xi

d2(x, ci) → min,

where

ci =
1

|Xi|
∑
x∈Xi

x
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is the center of the subdomain Xi and d(x, ci) is the distance between the calcu-
lated node and the center of the grid subdomain in the Euclidean metric. The
k-means method converges only when all subdomains are approximately equal.
All points on the boundary of each subdomain are required for data exchange
during the computational process. We used Jarvis’s algorithm for this purpose
(to construct the convex hull). In addition, we made up a list of neighboring sub-
domains for each subdomain and created an algorithm for data transfer between
subdomains.

Fig. 7. Results of the k-means method for model domain decomposition into 38, 150
(for a two-dimensional domain), and 6 (for a three-dimensional domain) subdomains.
Arrows indicate exchanges between subdomains.

The theoretical estimates for the acceleration and the efficiency of Algo-
rithm 2 are the following:

St
(2) =

p · χ

1 +
(√

p − 1
) (

36
50Nz

+ 4p
50t0

(
tp

(
1
Nx

+ 1
Ny

)
+ tx

√
p

NxNy

)) , Et
(2) =

St
(2)

p
,

where χ is the ratio of the number of computational nodes to the total number
of nodes (computational and fictitious).

5 Results of the Experimental Studies

Parallel algorithms for the adaptive alternating-triangular method were imple-
mented on a multiprocessor computer system (MCS) at Southern Federal Univer-
sity. The peak performance of this MCS is 18.8 teraFLOPS. It has eight compu-
tational racks. The computational field of the MCS is based on the HP BladeSys-
tem c-class infrastructure with integrated communication modules, power sup-
ply, and cooling systems. The MCS uses five hundred and twelve single-type 16-
core Blade servers HP ProLiant BL685c as computational nodes, each equipped
with four 4-core AMD Opteron 8356 processors (2.3 GHz and 32 GB RAM).
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Thus, the total number of computing cores is 2048, and the total amount of
RAM is 4 TB.

We compared the parallel implementation of Algorithms 1 and 2 for solving
Problem (1)–(3). The results are summarized in Table 1.

Table 1. Comparison of acceleration and efficiency of the algorithms

p t(1), s St
(1) S(1) Et

(1) E(1) t(2), s St
(2) S(2) Et

(2) E(2)

1 7.491 1.0 1.0 1 1 6.073 1.0 1.0 1 1

2 4.152 1.654 1.804 0.827 0.902 3.121 1.181 1.946 0.59 0.973

4 2.550 3.256 2.938 0.814 0.7345 1.811 2.326 3.354 0.582 0.839

8 1.450 6.318 5.165 0.7897 0.6456 0.997 4.513 6.093 0.654 0.762

16 0.882 11.928 8.489 0.7455 0.5306 0.619 8.520 9.805 0.533 0.613

32 0.458 21.482 16.352 0.6713 0.511 0.317 15.344 19.147 0.48 0.598

64 0.266 35.955 28.184 0.5618 0.4404 0.184 25.682 33.018 0.401 0.516

128 0.172 54.618 43.668 0.4267 0.3411 0.117 39.013 51.933 0.305 0.406

In Table 1, t(k), S(k), and E(k) are, respectively, processing time, accelera-
tion, and efficiency of the k-th algorithm; St

(k) and Et
(k) are, respectively, the

theoretical estimates of the acceleration and the efficiency of the k-th algorithm,
k ∈ {1, 2}. The corresponding acceleration graphs of Algorithms 1 and 2 in the
solution of (1)–(3), obtained theoretically and practically, are given in Fig. 8.

The practical estimate of Algorithm 1 acceleration (graph 3 in Fig. 8), in
contrast to the practical estimate of Algorithm 2 acceleration (graph 2), does not
take into account the optimization of the distribution of the whole computational
process among calculators. The theoretical estimate of the acceleration (graph 4)
does not take into account the ratio of the number of computational nodes to
the total number of nodes, as opposed to the estimate given in Fig. 8 (graph 1).

The ideal (optimal) distribution of the computational process among calcu-
lators is given in the theoretical estimate of Algorithm 1 acceleration (graph 1).
Thus, graph 1 is the upper estimate of the accelerations of the algorithms
obtained practically (graphs 2 and 3), while graph 4 is the lower estimate of
the acceleration of the algorithms.

As we see, the efficiency increases by 10 to 20% when using Algorithm 2
(which is based on the k-means method). Thus, both algorithms, the one based
on domain decomposition in two spatial directions and the one based on the
k-means method, can be effectively used for solving hydrodynamic problems,
provided that the number of computational nodes is sufficiently large.

6 Description of the Program Complex

Various air quality control devices were used to determine the degree of air pollu-
tion in the Sea of Azov: GANC-4 gas analyzer, chemical cassettes (for detection
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Fig. 8. Acceleration graphs of the parallel algorithms

of NH3, H2S, HCl, SO2, Cl2, NO2, NO, soot, inorganic dust 20% < SiO2 <
70%, suspended dust), absorption devices for air sampling, sensors (for detect-
ing traces of acrolein, gasoline, alkanes C12−19, CO, methane, butyl acetate,
kerosene), HPLC-chromatograph, OP431TC aspirator, UCM-1MC analyzer (for
measuring the concentration of mercury), and others (see Fig. 9).

Fig. 9. (a) GANC-4 gas analyzer; (b) OP431TC aspirator

Table 2 contains data on atmospheric pollution and the presence of prevailing
hazardous pollutants in Taganrog, on the basis of field measurements performed
by Rospotrebnadzor (Rostov region) employees in Taganrog, taking into account
the main zones of influence [21]. Figures 10 and 11 show average annual values
of nitrites, dissolved oxygen, and basic heavy metals in the Taganrog Bay (Sea
of Azov), according to data of the Federal Government Institution (FGI) “Azov-
morinformtsentr” [22].
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Table 2. Composition and concentration of pollutants in 2018

Main pollutants Maximum Permissible Concentration (MPC)

One-time maximum Daily average Hazard class

10/1 Sedova str. (influence zone of “Krasny Kotelshchik” and “Surf” industrial
enterprises), mg/m3

1. Nitrogen dioxide: 0.2 0.085 0.04 II

2. Sulfur dioxide: 0.2 0.5 0.05 III

3. Benzene: 0.2 1.5 0.1 II

4. Benzo[a]pyrene: 0.015 – 0.01 I

Babushkina str.–Shchadenko str. (influence zone of “Tagmet” metallurgical enter-
prise and transport emissions), mg/l

1. Manganese: 0.2 0.01 0.001 II

2. Nitrogen dioxide: 0.2 0.085 0.04 II

3. Sulfur dioxide: 0.2 0.5 0.05 III

Shevchenko str.–Obryvnoy lane (influence zone of “TSCP” JSC, (Taganrog Com-
mercial Sea Port), ship repair yard)

1. Inorganic dust SiO2 20–70%: 0.051 0.3 0.5 III

2. Nitrogen dioxide: 0.051 0.085 0.04 II

3. Sulfur dioxide: 0.051 0.5 0.05 III

4. Carbon oxide: 0.015 0.15 0.05 IV

Fig. 10. Dynamics of average annual values of nitrite (a) and dissolved oxygen (b)

Fig. 11. Dynamics of the concentration of heavy metals in water (mg/dm3): aluminium
(a), molybdenum (b)
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Our research showed that the most polluted areas of the Sea of Azov are
the following: the mouth of the Don (the Kuterma mouth and the Perevoloka
branches), river Wet Elanchik, Mius, the estuary of the river Gross Beam (Tagan-
rog), the eastern part of the Taganrog Bay (the ADMC turning buoy, near a sea
dump), the port, Central beach, Primorsky beach, Petrushino beach, the release
zone.

We developed a monitoring and water quality control system of the Sea of
Azov for information support on prevention and mitigation of the effects of
catastrophic phenomena and dispersion of contaminants in boundary layers of
the atmosphere and bodies of shallow water. The system was implemented on a
supercomputer as a software complex (SC) based on the mathematical modeling
of the dispersion of pollutants in the in boundary layers of the atmosphere and
water bodies. The SC involves the numerical implementation of model problems
of aerodynamics, hydrodynamics, and biological kinetics (see Fig. 12).

Fig. 12. Structure of the monitoring and control system

The SC includes the following units: control unit, oceanological and meteoro-
logical databases, application program library for solving hydrobiology grid prob-
lems, integration with various geoinformation systems (GIS), Global Resource
Database (GRID) for geotagging and access to satellite data collection systems,
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NCEP/NCAR Reanalysis database. The use of GIS provides additional possi-
bilities for more qualitative and complex spatial analysis, and solutions based
on it are more accurate. The problems were solved on a high-performance com-
puter system [23] capable of performing a large amount of complex calculations
and processing huge amounts of data in limited time. The SC has the following
advantages:

– increased efficiency of implementation of mathematical models;
– development of effective methods for numerical solution of problems;
– dynamical change of input data in real time;
– GIS, database sharing with a user-friendly interface;
– integrated monitoring tools for more precise forecasts of the ecological situa-

tion in coastal systems;
– promising approaches to parallel implementation.

The hydrophysical models included in the SC were calibrated and verified
using data of the ESIMO (see Fig. 13a) and the Analytical GIS portal, devel-
oped by the Institute for Information Transmission Problems of the Russian
Academy of Sciences (Moscow) [24]. As input data for modeling the hydrophys-
ical processes, we used data provided by the Scientific Research Center (SRC)
“Planet” [25] (see Figs. 13b and c), the Azov Fisheries Research Institute (“AzNI-
IRH”) [22], the FGI “Azovmorinformtsentr” [30], and data from various papers
[1,7–9,11,27–29,31–33].

We used the results of calculations based on the numerical 3D models we
constructed to give a complex interpretation of remote sensing data. We also
resorted to these results to establish a causal relationship between hydrody-
namic and biotic processes and their manifestations on the surface, within the
framework of the designed monitoring and control system. As a result, we man-
aged to suggest some approaches to the assessment of the joint use of remote
and model data as a possibility. Indeed, remote sensing data give an opportu-
nity to assess the actual manifestation of a certain hydrodynamic or biological
phenomenon; at the same time, we can use the set of models to identify and
predict in detail intra-aquatic processes in shallow waters [32,33]. The results
of simulations conducted with the monitoring system are portrayed in Fig. 14.
By comparing SRC “Planet” data (Fig. 15a, spots of phytoplankton showing the
structure of currents) with the results of our SC (Fig. 15b, distribution and con-
centration of phytoplankton for a time interval of one month), we could detect
a qualitative correspondence between simulation results and satellite images.

Error estimates with simultaneous consideration of field data available (n
measurements) were taken as criterion of adequacy of the constructed models:

δ =

√√√√ n∑
k=1

(Sk nat − Sk)
2

/√√√√ n∑
k=1

S2
k nat ,
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Fig. 13. Data used for modeling: (a) data from the ESIMO portal, (b) satellite imagery
of the Sea of Azov from the SRC “Planet” database, (c) map of water surface temper-
ature of the Azov–Black Sea Basin

Fig. 14. Distribution and concentration of pollutants and plankton: (a) nitrite (S7):
µ7 = 5 · 10−10, v7 = 10−10; (b) phosphates (S15): µ15 = 3 · 10−10, v15 = 10−8; (c)
phytoplankton (S9): µ9 = 5 · 10−11, v9 = 10−11

where Sk nat is the value of the function calculated using field measurements and
Sk is the value of the grid function, calculated by simulation. Concentrations of
pollutants and plankton calculated under different wind conditions were taken
into consideration if the relative error did not exceed 30%.
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Fig. 15. Comparison of Earth remote sensing data (a—SRC “Planet”) and simulation
results (b—SC)

7 Conclusions

We studied in this paper stoichiometric ratios of phytoplankton nutrients. Know-
ing these ratios, we were able to determine a limiting substance. We also con-
sidered observation models describing production and destruction processes in
“air–water” systems. In addition, we constructed a three-dimensional mathemat-
ical model of transformation of phosphorus, nitrogen, silicon, and metal forms
in the problem of evolution of multi-species phytoplankton for the Sea of Azov.
The numerical implementation of the model was carried out on a multiprocessor
computer system with distributed memory. We obtained theoretical estimates
for both the acceleration and the efficiency of the parallel algorithms. The algo-
rithm based on the k-means method showed higher efficiency in the solution of
the problem. Furthermore, after an analysis of similar SCs, the overall result
is that the prediction of changes in pollutants and plankton concentrations in
shallow waters obtained by using our SC is 10 to 20% more accurate, depending
on the considered model problem from hydrophysics and biological kinetics.
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